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Zigzag Iterations

Joint work

with Henry
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Babylon 1850 B.C.

V2 =1,245110
(one sqrt)

4000 years of scientific calculations...

Archimedes 287-212 B.C.

ay
yiain o AT Iz Al' AT+ AB AH AT
d e ol AL P +AB AT  AB
AT +ABTzezE Y TZ -~ Br 9% Fre—pr = Brtan OF
A S ts60c E AR SdsT AH _1s6o+1351 A
BF ™ o ©f B <78 donc ﬁ‘<i—7&:i' o §< 275;}10! e
AH° (2911)2 A +HF° 29112 2 AT
den: 9112 + 780 AT _ 9082321 v
_—ﬁ.ﬂ <W, olt —'__ITI"“ <%——780, , ou F< -——608400, d’ou,
AT 3013}
comme le texte : < B0

1. On aura, comme dans le cas précédent : 3—?:‘“2';1:\1{ =I‘:—§+%‘, d’ol, sub-
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1. Sous-entendu : 'r:épl'.ps‘.")o;, le périmétre (du cercle).
7 : Lo AP.. . 66
2. La relation de la note avant-précédente donne, par inversion ; T >m,

d’oli, observant que g6 x AT’ = périmétre polygone inscrit de g6 cOtés :
périmétre polygone de o6 c6tés . g6 x 66 N 6336 - . 6336 > 410
diamétre cercle 2017 1’ oy 20174 & 2017 371,
d’oli périmétre polygone de g6 cétés > 3}¢diamétre cercle, d'od, 4 fortiori, suivant
le texte : Circonférence cercle > 33¢ diamétre. :
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Table of chords of the circle
= Regiomontanus 1533
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1. Jost Burgi’s
Fundamentum Astronomice



Buergi: 36 pages like this!

o et

— ,_\\\\ /.' -. :
Y

T &7 :ai 3 \9 % 29 1—
Lbe L ;

"4-}?.}4
o | b

LIES NSRS o1

o =lritmpl Galy

4
tle

i Sl

Tz 4b i s
0 37 3§ «"i" :‘a ‘=-¢'1-l a

e s
‘u;:l |+ f}

-:_; ] wqa
TR o b X =
_3_ 'Li""l’ gjq;flﬂf

0 A )

1.'-}}.11-,.:
1l %

30 't-'{ it 3
;; £ rr }

;z -,u +’ 3;

L AT
3; +?‘LF ;‘T ;_, 151 u' i
31';5‘14 ==

SRS ) SR e
G}I‘L-'fbv y+ T34 44 13 = 14-,.”, }?‘9

L gl = el 1| =B i 4b (g

http://www.bibliotekacyfrowa.pl/dlibra)
Discovered by Menso Folkerts in 2013 in Univ. Library of Wroctaw

—p.4/31



Buergi’s method explained in this EXEMPLUM

Jost Burgl 1584 (http ://www.bibliotekacyfrowa.pl/dlibra)
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362\\

276
232

124
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Normalized to sin 90° = 1
Sinus 1

11884
11703
11166
10290
9102
7638
5942
4065
2064
0

181

1188C
1464 C
1696 C
1877C
2001 C
2064 C

391086
5942

385144
17645

367499
28811

338688
39101

299587
48203

251384
55841

195543
61783

133760
65848

67912
67912 0

= maximal error:

Sinus 2

Sinus 3

195543
580687
948186
1286874
1586461
1837845
2033388
2167148
2235060

Sinus 4

12871192
12675649
12094962
11146776
9859902
8273441
6435596
4402208
2235060
0

Sinus 5

maxerr

ratio

0.11602540 0.00414695

27.978

0.00015533 0.00000617 0.00000025

26.698

25.195

24.423

— presented to Rudolph II — lost for 400 years.



Buergl 1584‘ Lagrange 1780 Bernoulli 1742 Euler ‘17:64/78
2. Lagrange S manuscrlpt

(discovered by Philippe Henry)




Lagrange’s manuscript :
Le developpement des courbes (59 handwritten pages)
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Lagrange:

' £ ~ des courbes, due 2 Huyghens,
& est une des plus belles decouvertes
g}y qu’on ait faites dans la geometrie.

R B T TR N ety

¥

Christiaan Hu
M. Mersenne = Huygens: construct precise pendulum clocks!

Problem: circul.pend. not isochrone!
Idea: Must be steeper towards ends = cycloid !!



The Cycloid (Galile1 1599, Roberval 1640, Torricelli 1644,
Pascal 1658 ("Roulette*), Huygens 1658, Joh. Bernoulli 1692)

o o 50 0. 90 5000 9C 0. 0 . B AL ML}
B2

TP r T I I T TS T T AL
. grEETET
(Huygens 1673): HOROLOGII OSCILLATORII

ki

(Huygens 1673)

Thm. 1. Tangent in P 1s perpendicular to P 5.

(because at any moment the circle
rotates around the base point 5, which remains fixed)

(Original proofs more complicated).



Center of curvature (= inters. neighbouring perpendiculars):
Fig.72. p 2l

y c A |
Idea: (Huygens 1659) add second circle

(Jak. Bernoulli AE 1691)



Thm. 2. () (with PB = B()
1st center of curvature in P

Thm. 3. () on evolute
(= identical cycloid)
P on involute.

8 Thm. 4. Arc length
s(r)=PQ=2PB=4sinz.

Thm. 5. Acc. force f = gsinx = Const-s(x)
(harmonic oscillator) = isochronous pend.



Lagrange:

Mais il y a un autre point

de la theorie des developpées

qui ne me paroit pas encore
suffisemment eclairci. C’est le
theoreme donné par Jean Bernoulli...

3. Johann Bernoulli’s
DE EVOLUTIONE SUCCESSIVA ET ALTERNANTE

Buergl 1584 Lagrange 1780 Bernoulh 1742 Euler 1764/78
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7 .

 fol.fol’ 245-747
successive involutes ‘“‘generatur fore cycloides identices™.



Formulas for arc lengths (set a = 7).

S T O K F X
P L G
- §
Q M H  § A
T 5% O . — r=a —o B
d83 dSQ D
c2() 59 ¢1 () < \dz
C2 C1 51 \ )
s3(x) s2(x) 7 1
des dcq s1()
E T N
M 5=y A C

orth. angles = shaded triangles similar = dc; = s;dx, ds;+; = ¢; dx,

{ C_1 = Z?:_kl i+ { ci(x) = f; s;(&)dg
T s = Zle Ci—1  sjm(x fo ¢ (&




Computation for the case of a circle of rad 1:

Y A — r=a —
Iz G 2 =a =
dss Fdso D »#
) 02(37) 59 Cl(w) S
s3(z) 7 s2() o -
qdcs der [s1(x)
1 B
i b «— =0 — )
si(x) ==

)= @ =5 - 50wl = [ a@de= G-

From ¢;(0) and so(a) we obtain AF = ¢1(0) =| — |and FH =s3(a)=




Computation for the case of a circle of rad 1:

-4 — r=a —
L« G s IR
dss Fdso D »#
02(37) S9 Cl(x)
c S
os () 2 d/ oo (2) c1 /1
RAC2 Rder [s1(x)
I E
v j — =0 — b
si(x) ==
/ a2 2 N a’ z?
() = [ s1(§)dé =57 — o7, Sz(fE):(OCl(ﬁ)df:gx—g-
" repeat
. la? 2a°
From ¢;(0) and s2(a) we obtain AF = ¢(0) = ) and FFH =ss(a)= 1.9.3
Sa*t 16a° 61a® 272a"
c2(0) = 1.93.4 |’ sg(a) = 1.9.3.4.5 | c3(0) = 1.2.3...6 | sa(a) = 1.2.3....7




Johann’s result for the arc lengths:

Curva [ —F 3 8Y e VI == d’( 138§ )
" I I.2.3.....%

P II s P 4 (;_;,) Ix____dy( 7936 )
3 .2 T T EiZ: R us s

e M= (=) L X082y

Iq 2,03----0410

oo IV =4a*( . i ) v o Xlom gt (—333792

eBiBeiinwws IX

6
. ¢ G I _ T 1a 27702/76% _.
1.2.§.4.g) vove Xll==ua (fz.g.‘.;....m)
. Yl=u4 (1.2.3...6) vrs s Xl =2 (1.2.3 ......... 13)
® e & @ II .—ﬂﬂ? 272 'R XIV :'dl* 19936098I
\4 (1.2.3.__.7) (1.2.3..........14)

Remarkable sequence of numbers:
1,1,1,2,5,16,61, 272, 1385, 7936, 50521, 353792, 2702765, . ..

are called “Euler zigzag numbers” (J.H.Conway, R.Guy)



Johann’s Schediasma cyclometricum.

Curva I =4(1) ....VIII-md’(LzIBagY .
=< () X = (522
B $2.3:.. ..
e =GR i e et
o W=y L X (AR
Vemd {rarerd i Rl TR
o P (1_2.;, 2)  en Xillmmare (2220056
7 272 —— 1 199360981
VIl =4 (1.2.3.. 7) wive R == (12593814)
.. 8272
VII=VIII and “dividendo per a”” = a = SETE
16-272
hence 2a = m ~ = 3.14224
1385
(“nostra analogia tantillo minor est, quam Archimedea”)
best: XII=XIII and XIII=XIV:
26-2702765 2822368256
=3.14159003 < 7 < =3.14159353.
22308256 199360931



Lagrange:

M. Euler a taché depuis de
restituer cette demonstration
dans un excellent Memoire
inseré dans ...

4. Leonhard Euler’s
“perfectam demonstrationem theorematis BERNOULLIANI”




Euler E300, 1764 (20 pages):

e let z(x) be the “infinitissima curva”

“nihil enim 1mpedit ...”
2z = Asinx + Bsin3x + C'sinbx + ...

o “sequentes valores z, 2", 2", ..

LLagrange: “mais il me semble que sa methode ne porte pas
et ne sauroit porter dans 1’esprit toute la lumiere
n1 toute la conviction qu’on peut desirer sur ce sujet.”

Lagrange: If z(x) were a cycloid, then all derivatives
® remain the same cycloid, never become $3(), 51(%) g
“11 faut partir nécessairement de la premiere courbe™ B

Later, in 1807, Lagrange will violently
refuse this point, when this man claims it =

This point will (rightly) be criticized a century
later (Abel, Weierstrass,..).



Euler E300, 1764 (20 pages):
e let z(x) be the “infinitissima curva” ?ﬁ%

“nihil enim impedit ...” v ¥
z=Asinx + Bsin3x + Csindbxr + ... =%

e  “sequentes valores z, 2", 2", .’ %}9

LLagrange: “mais il me semble que sa methode ne porte pas
et ne sauroit porter dans 1’esprit toute la lumiere
n1 toute la conviction qu’on peut desirer sur ce sujet.”

Lagrange: If z(x) were a cycloid, then all derivatives
® remain the same cycloid, never become s2(x), 51(Z) g
“il faut partir nécessairement de la premiere courbe” §

Later, in 1807, Lagrange will violently
refuse this point, when this man claims it =

This point will (rightly) be criticized a century
later (Abel, Weierstrass,..).



Lagrange 1780 First correct proof, 59 pages;

Legendre 1817 Gives short version of Lagrange’s proof,
saying Euler had given proof and not mentioning LLagrange;

Poisson 1820 (long article “Séries de quantités périodiques”
declaring Lagrange inventor of these series, not Fourier;

Puiseux 1844 (simplified Poisson’s proof). =
A century later: Arrive at Euler’s proof read backwards ...

"\

o let s1(x) be the first “curva” o
. “nihil enim 1mpedit ...” v ¥
s1 = Asinx + Bsin3x +Csindxr + ... =%
vy >

T
3

o “sequentes valores s, [[s1, [[[[s1,.." (&
ci(x) = [ s;(€)d¢ C ff sin k€ d€ = + cos ka
sivi(z) = Jy ¢i(§) dé < [ coskEdE = 1 sinka
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(Fourier, BNF, Ms. Fr. 22525, fol. 107v)

co(x) = 2(+cosz — 5 cos 3w + £ cosbw — 2 cos Tz + ...)

si(x) = 2(+sine — & sin3z + & sinbr — Hsin7r + ... )
c1(x) = 2(+cosz — 55 o83z + 75 coshr — Z cosTr + ... .)
so(2) = 2(+sine — rsin3z + rsinbr — Zsin7e + ... )

N
we see that — 0

si(x) - Asinx

which 1s characteristic for the cycloid.



EO — 1, E2 — 1, E4 — 5, E6 — 61, Eg — 1385, ElO

1
3
1
33
1,1 1,1
SE N GO E
1,1 1,1
37 '57 7T YT

Euler and Bernoulli numbers.

37 1 57 [ =eal 1)
5+ = sin=F + ) % ou i CL3
-...)=Z2(1) .-
2 I e ¢ 2y
COSO'+'53COSO-— ) IV = e (5
) 3
| _ (1 e 16
F) = 2 (15) e e
A - 1 1 1 1 _1x?
— Qo122 | T3z TR T2 T2 — 11.23
173 - 1 1 1 1 27
— o1pd | T3 TR T T gd — 3125
__ 57 . 1 1 1 1 __ 167"
T 4126 | - T36 T T 76 T g6 — BI27
_ 6177 | 1 1 1 1 _ 2727®
— G128 | + 738 T T8 T8 71.29
— 50521, Fyy = 270276F

B =1, Es=2, Es =16, B, = 272, Ey = 7936, FEy; = 353792, ...



Appl.: Geometric proof of series for sec and tan:
Johann’s calculations AF' = ia; = AH, FH = 12;33 = FK..
assume nowhere that a = 5

Interesting is the case a < %

S T 8] K F X

B L N 2§ | A tana
/K/E3 3T
p/O/L 52
'\ 1 CoN\J

.\ I a4
Z ki Q N M E4T SEC a Q
1 — Loy, 2k — Lojta 2k+1
T s a ;(2/@)!& Al ;(2k+1)!a
__ a T, = Ek ;
seca + tana tan(2+z)—zﬁa



Connection with Alternating permutations (André 1879)

up-down

v, ; 2
AN i
3 alf * down-up Vi
{ER 4N N
1234567 1234567

Def. A, = nr. of (up-down or down-up) alt.perm. of n objs.:

IS

A PIA T Sl g LN

N

N

R N W b

L N W

\ [\ L N
“/\% Y J/\v’ VI

1 1 1
1 2 3 41 2 3 41 2 3 41 2 3 41 2 3 4

Theorem. André gives recursive formula for A,,; turn out to be
= I, (Euler zigzag numbers).

1,1,11,2,5,

16,61, 272, 1385, 7936, 50521, 353792, 2702765, . .
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1
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1

1
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1@

\
L
i
123*% 12345
i

12345 12345

4@
3
2
11 234
i
511\
1
1234
4/
11§
12
4
3
2
1
Back to Biirgi — Bernoulli up-down addition !!

R.C.Entringer (1966):



V.I.Arnol’d (2000): “J’appelle [ce] triangle de Euler-Bernoulli
parce que Pascal ne I’a pas considéré, 0 < 009521
et parce que Euler et Bernoulli 1385 C 50521

ne 1’ont pas considéré 0 1385 C
non plus” 61 |38 49136
0c “61c 2770 &
5C 61 1324 ¢ 46366
5 1220 4094 &
5C T56C 1202 ¢ 42272
0, 10 “178¢ 5296
1 1, A, 46¢ 1024 ¢ 36976

<

1<
<

< < 47 t224¢ 6320 ¢
<0

32 300 30656
< <6< <256< <7120<
C 16 ¢ 544 ( 23536
| 167 272 76064 ¢
L. Seidel (1877): 0 ¢ 272 ¢ 15879
“in welchem sich wahr- 2727 7936 ¢

scheinlich die einfachste Genesis der 0 < 7936
7936

Bernoulli’schen Zahlen ausspricht” 0
(He 1s the “Gauss-Seidel” Seidel...)

Is now called the SEA-triangle.



Ta—0,1966913 hmcquc at IJ; 5 co60
Ilr=—9,24573879 '

113=9,4218292
I3=o0,2641370 hincque 8—1, 857z
1r=9,2457379 6
11y =9,5098749
1y —o0,3235004 hincque 7:3,106‘:
Hlr=9,2457379

115 =9,5692383
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Euler’s E489 (“exponentiales replicatas”)
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“lente increscunt, dubitare ... convergeant”
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Alr—9,2457379
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Alr—9,2457379

“lente increscunt, dubitare ...

—_=_ e e
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convergeant”

Euler’s E489 (“exponentiales replicatas”)

SOLUTIO GEOMETRICA
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“differentiae manifesto continuo decrescunt”
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0 1 2 3 4
“aequilibrii labilis”
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“alternatim superant ab eoque deficiunt”
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~ull

E\Y =
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.
.................................... Il

“alternatim ad duos valores”



who draw the first clear zigzag picture ??

—p.31/31




who draw the first clear zigzag picture ??Q |

(Th. anal. Chaleur, 1822, Chap. V, Art. 286)

Happy 250" Birthday, Joseph Fourier !!
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